I. Introduction
The concept of using a deployed structure to impart aerostability to spacecraft operating in the extremely rarefied atmosphere of the lowest Earth orbits is well established [1] [2] [3] , and recently the cognate opportunities presented by the heliostability of similar geometries in higher orbits has been discussed [4] . Aerostability has also been long associated with the ability to maintain an aerodynamic force vector such as lift in the absence of active control, and heliostability can similarly be used to generate a steady force vector. This can achieved through the very familiar solar sail.
Studies in the literature have considered planet-centered solar sails, including optimal control laws [5, 6] , orbit raising [7] and escape strategies [8] . In all these studies, however, an active attitude control system is required to steer the sail according to the control law.
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Conversely, a heliostable sail will naturally oscillate about the sun vector if disturbed, and the direction of the force vector will also oscillate. If these oscillations are synchronized with an orbital path the direction of the force vector will also oscillate once per orbit and thus can be set to point approximately but consistently in a particular direction, such as along the flight vector or towards zenith. This means that, once an appropriate behavior is initiated, a force can be generated that can adjust the altitude of a spacecraft with very little energy expenditure and no propellant whatsoever.
However, as orbital parameters change and the sun moves along the ecliptic, the synchronization of the heliostable oscillation and the progress along each orbit must be managed. This can be achieved by altering the period of the oscillation using changes in sail geometry (area or center of pressure), changes to the rotational inertia of the spacecraft [9] , or changes to the reflectivity of the solar sail [10] . The latter option is particularly attractive because changing the pattern of reflectivity, perhaps using liquid-crystal panels [11] , can roll the spacecraft to manage the plane of the heliostable oscillation and, secondly, can superimpose a time-variation on the restoring torque to either increase or diminish the amplitude of the excursions. This paper focuses in particular on the former method, showing how synchronous attitude/orbit oscillations can be exploited to increase the semi-major axis of a circular, equatorial orbit.
II. Spacecraft
The spacecraft is modeled by a bus from which a flat, triangular sail is deployed between two extensible booms of length l. A body reference frame is defined as in Fig. 1 . The center of pressure (CP) of the sail is at 2 3 of the height of the sail itself, while the center of mass (CM) of the spacecraft is close to the center of the spacecraft bus, at the origin of the body frame. The force acting on the sail in the y-direction, which can be imagined applied at the CP, due to SRP is [12] (pp. 39-40):
The sign is chosen depending whether the sun illuminates one side or the other of the sail. s r is the sun vector, representing the direction of the sun in body axes, and sun P is the SRP of the sun, approximately 4.56 x 10 -6 N/m 2 at Earth distance.
is the efficiency of the solar sail material in terms of reflectivity, ranging from 0.5 (full absorption) to 1 (full specular reflection). Note that diffraction and other effects are not explicitly considered here, but included in the efficiency  . Calling d the heliodynamic static margin, i.e. distance between the CP and the CM, the only component of the torque with respect to the CM is
III. Attitude motion
The attitude motion of the spacecraft is modeled through the standard Euler equations for a rigid body [13] (pp. 153-156), forced by the torque in Eq. (2) . If the spacecraft is released such that the sail is initially deflected by an angle 0  around the x axis (see Fig. 2 ) it will start an undamped oscillatory motion under the influence of the SRP with the neutral position aligned with the sun itself. The motion, however, is not purely harmonic, because the forcing term is not simply 
A. Period
The period of one oscillation of the sailcraft can be found in the following way. First of all, we notice that the attitude motion is a conservative system. We can therefore write the expression for the rotational total energy:
In this equation, it is assumed that the sun's direction is inertially fixed. This is a valid approximation if the apparent rotation of the sun due to the Earth's orbital motion is slow with respect to the period of the oscillation, as will be the case here and as shall be further discussed in Section V. We also assume the spacecraft is at rotational rest when released, hence
  as reference (sail aligned with the sun direction), can be written as:
 takes into account the declination of the sun out of the plane of oscillation. It results:
in which the sign is chosen depending on 0   or 0   respectively. This can also be written as:
When the oscillation reaches its maximum amplitude, 0  , the angular velocity is null, i.e. 0 0    . The value of 0  is also known, because it corresponds to the initial condition in which the satellite is released. Hence we can exploit the conservation of energy between the initial condition and an arbitrary point:
This equation can be solved for   to give:
, we can separate the variables:
The period can be computed as:
where the period of one full oscillation is found multiplying by four a quarter-period and the absolute values were removed because, without loss of generality, we can choose 0 0   . The integral is solved numerically to find T .
Note the dependence of T on I dA  : as noted before, the period can be changed varying the inertia I, the static margin d, the area A or the reflectivity through  . In particular, increasing the length of the sail booms will produce a greater I, but it will also increase d (if the sail mass is considerably lighter than the bus mass) and A. These two effects act against each other with respect to period change. Using a pair of opposed extensible booms with tip masses would not alter d, but only I; and using one extensible boom only in +z would simultaneously increase I and decrease d.
IV. Orbital motion
For the orbital motion of the spacecraft, we consider the action of the gravity of the Earth (considered a point mass with planetary constant equations of motion is performed using Gauss' variational equations (Ref. [14] , pp. 488-489). Note that these equations require the knowledge of the attitude of the spacecraft, as the acceleration must be transformed from body frame to orbit frame. Therefore the orbital motion is coupled with the attitude motion and, for this reason, the two dynamics are coupled and integrated together.
The direction of the sun, with respect to an Earth-centered inertial frame, is given by:
where  is the longitude of the sun,   is the angular velocity of the Earth around the sun (assumed constant at one revolution per year), and 23.5
 
 is the obliquity of the equator on the ecliptic plane. By choosing 0 0   , then at time 0 t  the sun is at the vernal equinox in the equatorial plane.
V. Control law
We aim now at coupling the orbital motion on a circular orbit with the oscillatory attitude motion explained in Section III to show that is it possible to obtain a net change in semi-major axis in each orbit. According to Gauss' equations [14] , a change in semi-major axis is obtained providing an acceleration tangential to the orbit, and we assume that the spacecraft is released such that plane of oscillation in Fig. 2 coincides with the orbital plane (thus s  is the declination of the sun over the orbital plane). If the sail oscillation is synchronized with the orbital motion (i.e. so that they have same period), and the phase between the two is chosen such that the maximum angular displacement is reached when the spacecraft is along the sun-Earth line, then the sail provides a tangential acceleration component which has its maximum near the sun-Earth line and its null near the axis perpendicular to it (see Fig. 3 ). In addition, there is also a component of the acceleration that is normal to the orbit. In the short term, the effect is to change the eccentricity and the anomaly of pericentre of the orbit, but the net change over one year is almost negligible due to the fact that the sun-Earth line rotates one full revolution in that time. Note that, as the sun-Earth line rotates, the oscillation will passively stay centered around the sun-Earth line direction because of the heliostability of the sail, and because the system is conservative, the oscillation is undamped.
However, a control is needed to maintain the phase of the attitude oscillation synchronous with the angular position on the orbit with respect to the sun-Earth line. In addition, the period of the oscillation has to be adjusted such that it matches the period of the orbit, which is increasing in time following the increase in semi-major axis. Finally, the declination of the sun over the orbital plane changes according to Eq. (4). This does not generate any acceleration out of the orbital plane, but it does however change the period of the oscillation, following the dependence on s
 of Eq. (3).
We assume that we can change the moment of inertia around the oscillation axis (i.e. x), for example by extending a boom with a tip mass, and show that it is possible to fully control the oscillation of the spacecraft, and thus the orbital change, without any other actuator.
The control algorithm we apply is discrete and based on the consideration that, when the orbital angular position of the spacecraft is aligned with the sun-Earth line, the attitude oscillatory motion shall be at its maximum displacement and its angular velocity equal to zero. In particular, the angular velocity is crossing zero monotonically. Considering a control proportional to the state error, the moment of inertia can be changed according to the following law, at each orbital passage across the sun-Earth line (on the sun side):
Sun-Earth line where 0 k  is the control gain. In fact, if 0 x   , the oscillation has not completed one period yet, and therefore the moment of inertia shall be reduced, such that the next period of the oscillation will be shorter, and vice-versa.
We assume that the change in moment of inertia is instantaneous. The initial moment of inertia required is computed, given the geometry of the spacecraft and its initial angle, inverting Eq. (3).
Note that in absence of perturbations the oscillatory motion of the spacecraft will stay on the orbital plane. However, it is realistic to predict that external perturbing torques will require some mild control to maintain the oscillation in this plane, as well as to avoid any unwanted rotation around the z-axis. This can be achieved, for example, with appropriate differential changes of the reflectivity of part of the sail, using the aforementioned electrically-controlled liquid crystals and, perhaps, suitable rotational dampers. The study of these perturbations and their control is out of the scope of this paper, and in the following we assume that the oscillation is unperturbed and purely around the spacecraft x-axis and in the orbital plane.
A. Results
We assume the spacecraft bus is a cube of bus l side and mass bus m , uniformly distributed. The sail is considered a flat triangle with uniform mass per unit area of 50 g/m 2 , which also takes into account the booms. The satellite is released on a 1000-km-altitude circular equatorial orbit, such that the atmospheric effects can be neglected, on the sun-Earth line, with an initial angular displacement of 0 30    with respect to the same. Small values for eccentricity and inclination are used to prevent singularities in the equations of motion. Spacecraft and sail masses and dimensions are given in Table 1 for two different spacecraft configurations.
Considering spacecraft 1 as the baseline design, Fig. 4 shows the evolution of semi-major axis and eccentricity over one year. The second spacecraft, due to the larger area-to-mass ratio, enables a higher semi-major axis gain (about 35 km/year) compared to the first configuration (20 km/year). The eccentricity remains substantially unchanged. the consequence of the sail oscillation discussed before. The force generated by the sail, in tangential, normal, and out-ofplane orbital components, is represented in Fig. 5 (b) . The tangential component is the one producing the increase in semimajor axis. Note that the second well of the tangential acceleration (when the spacecraft travels toward the sun) is longer than the first one (when the spacecraft travels away from the sun), which is explained by considering the angular position of the sail with respect to the direction tangential to the orbit.
To summarize the results, spacecraft 1 achieves about 19 km of semimajor axis increase (or altitude gain), while spacecraft 2 achieves 35 km, both with negligible change of eccentricity and inclination. A similar, but inverted, trend is found in Fig. 7 (a) , which represents the maximum angular velocity (around the x axis) on each orbit for the two spacecraft. Finally, Fig. 7 
VI. Conclusion
A mechanism has been proposed by which a satellite can be induced to oscillate about the sun vector whilst in orbit about the Earth. By adjusting the frequency of these oscillations such that they are synchronized with the orbital period, an SRP-based force can be generated that reverses twice per orbit and thus always acts in the same sense with respect to the velocity vector and either acts to advance or retard the spacecraft accordingly. This effect manifests itself as a change of altitude. Whilst some active control is required to maintain the synchronization of the oscillations and the orbit, this can be achieved by propellantless means such as changes to the rotational inertia of the satellite or changes to the reflectivity of the solar sail, making the change in altitude an essentially free maneuver.
